Relativistic spin states are convention dependent. In this work we prove that the zero momentumtransfer limits of the leading two form factors in the decomposition of the energy-momentum tensor matrix elements are independent of this choice. In particular, we demonstrate that these constraints are insensitive to whether the corresponding states are massive or not, and that they arise purely due to the Poincaré covariance of the states.
Introduction
The form factors that appear in the Lorentz covariant decomposition of the energy-momentum tensor (EMT), the so-called gravitational form factors (GFFs), enter into the physics of many different phenomena, including gravitational scattering [1, 2] and the internal properties of hadrons, such as mass, spin and pressure [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . In recent years there has been a significant drive to characterise the properties of these objects for target states of different spin [6, 7, 10, 12, 13, [16] [17] [18] [19] [20] , due to their connection to generalised parton distributions (GPDs) [21] . By constraining GPDs via the GFFs, this could help, for example, in providing new insights into the dynamics of quarks and gluons within composite states.
In [22] it was first pointed out that whilst previous studies had correctly identified the constraints imposed on the GFFs in the spin-1 2 case, these analyses suffered from various technical problems, leading to incorrect physical conclusions. The main issues concerned the treatment of boundary terms, and the non-normalisable momentum eigenstates appearing the EMT matrix elements. These issues were subsequently addressed in [23] by adopting a non-perturbative distributional approach. This allowed the GFF constraints to be derived in an explicit manner without having to make reference to a particular frame. An important conclusion was that the constraints imposed on the GFFs were not specifically related to linear or angular momentum conservation, but in fact arose due to the Poincaré transformation properties of the states. A natural question to ask is whether these constraints continue to hold for massive states of higher spin. Higher spin states have a greater number of potential structures appearing in the EMT matrix element decomposition, as shown for example in [19] for the spin-1 case. Applying the approach of [23] on a case-by-case basis would therefore inevitably lead to increasingly more complicated calculations as the spin increased. A significant breakthrough was made in [24] , where it was demonstrated that the GFF decomposition can in fact be written in a spin-representation-independent manner, and this ultimately enabled the GFF constraints to be derived for massive states of arbitrary spin. Remarkably, it turned out that the constraints observed in [23] for the spin-1 2 case continued to hold for states of any spin, and this similarly followed from the Poincaré covariance of the states.
It is well-known that relativistic spin states are convention-dependent. In all previous studies in the literature, including [24] , it was implicitly assumed that the states in the EMT matrix elements corresponded to canonical spin states, defined by the action of a specific boost on a rest-frame state [22, 25] . Although not explicitly stated, the form of this boost transformation played an essential role in deriving the constraints in [24] . It therefore remains unclear as to whether the GFF constraints are actually dependent upon the spin-state convention. Moreover, in each of these analyses the states were always assumed to be massive. For massless states several complications are known to arise, including the non-existence of a rest frame, and the necessity to use helicity to define the dynamical degrees of freedom [26, 27] . As with the spin convention, this naturally leads to the question of whether the GFF constraints are also sensitive to whether the states in the EMT matrix elements are massive or not. The purpose of this work is to address these two questions, and in doing so complete the full classification of constraints imposed on the GFFs.
The remainder of this paper is structured as follows. In Sec. 2 we outline the construction of arbitrary on-shell states, and use this general formulation to define the corresponding EMT matrix element decomposition. Using an analogous approach to that developed in [24] , in Sec. 3 we derive the general form factor constraints. In Sec. 4 we summarise our key findings.
Gravitational form factors for arbitrary states
The goal of this work is to build on the insights developed in [24] , where general constraints were derived on the GFFs for massive canonical states with arbitrary spin. In particular, we will focus on the generalisation of these results to all possible on-shell states, with any mass, spin representation, or spin definition. The foundation of this analysis comes from the fact that any spin state |p, σ can be defined in the following manner [26, 27] 
where L(p) is a choice of Lorentz transformation which maps some reference frame four-vector k to an arbitrary (on-shell) four-momentum p
and thus depends implicitly on the choice of k. U is a unitary representation of the Lorentz group, and Λ is the corresponding four-vector representation. For massive states, σ labels the rest frame spin projection along some axis, whereas for massless states σ corresponds to the helicity projection of the state along the direction of motion. Eq. (1) emphasises that any spin state is uniquely characterised by both the reference vector k and the transformation L(p). Some important examples include [22, 25] :
• Canonical spin states -states with mass m where k is the rest frame four-vector (m, 0, 0, 0), and L c (p) is a pure boost along the directionp = p |p| .
• Wick helicity states -massive or massless states where L W (p) is a pure boost along the z-direction followed by a rotation intop. In the massless case the reference four-vector is defined by k = (κ, 0, 0, κ), where κ > 0.
• Light-front spin states -massive or massless states where L LF (p) corresponds to a pure boost along the z-direction, followed by a transverse light-front boost.
With these general state definitions one can now define the form factor decomposition of the EMT in an analogous manner to [24] . Before doing so, it is important to first consider the general transformation properties satisfied by these states. Firstly, for any state |p, σ of total spin s one can prove from the definition of this state that it transforms under general Lorentz transformations α [26, 27] as:
where W (α, p) defines a subgroup of reference-frame-preserving Lorentz transformations
This subgroup of Wigner rotations W (α, p) is called the little group; for massive states this is SU (2) (the double cover of SO (3)) and for massless states this is the Euclidean group E(2). The p-dependence of W (α, p) non-trivially depends on the choice of L(p) in the following manner:
σ ′ σ is the so-called the Wigner rotation matrix, and defines a representation of the little group due to the relation
Since the generalised polarisation tensors (GPTs) η σ (p) appear in the form factor decomposition of the EMT [24] , we are particularly interested in how these objects transform under Lorentz transformations 1 . It turns out that in order for general fields ϕ i (x) (with internal index i) to transform in a covariant manner
with D the finite-dimensional Lorentz representation of the field, the GPTs η σ (p) must satisfy analogous properties to the spin states in Eqs. (1) and (3):
where the internal indices are omitted here for convenience. In this case though, the action of the Lorentz group on η σ (p) is determined by the field representation D, as opposed to the state representation U . By defining the GPTs to have the reference frame normalisation:
which is an important relation for the calculations later in this work.
Now that the general transformation properties of the states have been outlined, one can proceed to define the corresponding EMT form factor decomposition. For the transformation properties of the states |p, σ to make sense one must implicitly assume that they are on shell. In line with the procedure in [24] we will make this explicit by defining the states by
where now M can be both vanishing or non-vanishing and |p, σ has unrestricted momentum p. All of the previously derived relations now hold by simply replacing |p, σ with |p, σ; M . For our purposes we are interested in the symmetric EMT matrix element, which has the decomposition
where O µν (p ′ , p) is a Lorentz covariant operator which acts on the GPTs, and can be written in the following representation-independent manner:
The · · · represent contributions with an explicit higher-order dependence on the four-momentum
is the average momentum, and the symmetrisation convention is defined by:
S µν correspond to the abstract Lorentz group generators, and D is the corresponding Lie algebra representation of D introduced in Eq. (7) and defined via the exponential map: D (exp(X)) = exp D(X) for any Lorentz generator X. As will be demonstrated in the remainder of this work, the subtle differences between the various Lorentz group and algebra representations play an important role in the analysis of the GFF constraints. In the next section we will perform an analogous procedure to [24] , using the matrix elements of both the non-covariant and covariant Lorentz generators to derive constraints on A(q 2 ) and G(q 2 ), but this time using the state-independent quantities defined in this section.
1 Here we coin the term generalised polarisation tensor (GPT) to refer to the Lorentz-index-carrying coefficients ησ(p) that appear in the canonical free field decomposition. For example, for spin- 1 2 Dirac fields the GPT is simply the spinor uσ(p), and in the spin-1 case the GPT corresponds to the polarisation vector εσ(p).
Lorentz generator matrix elements for arbitrary states
Using the framework outlined in the previous section for arbitrary states |p, σ; M one can now proceed to perform an analogous procedure to [24] .
Angular momentum matrix element
Following the same logic as in [24] , the decomposition in Eq. (12) implies that the angular momentum matrix element has the form
with the reduced matrix element
Here we make explicit that the abstract rotation generator J i acts on the states via the Lie algebra representation U associated with U , and on the GPTs via the representation D. Using Eq. (8) one can now write the reduced matrix element in a manner that explicitly depends on the choice of L(p). Firstly, one has that
where we have used the fact that D is a Lie group homomorphism and switched to the coordinates (p, q). Since η σ (p) are implicitly on shell this means that L(p) only depends on p, which we will emphasise by writing L(p). In order to further simplify Eq. (15) one needs to evaluate the following expression:
To do so one can make use of the general representation theory identity 3 :
where f is a Lie group-valued function with f (0) = 1, and φ is a Lie group representation which (uniquely) defines a corresponding Lie algebra representation φ. Since L −1 (p)L(p) = 1, one can apply the multi-dimensional generalisation of Eq. (18) to Eq. (17) . Doing so, one obtains
where the final equality follows from the fact that:
∂pj . By also making use of the representation theory identity:
the reduced matrix element can finally be written as
where the dependence on the state definition L is now explicit.
To derive constraints on the form factors as in [24] , the next step is to use the transformation properties of the states under a pure rotation about the i axis (α = R i = e −iβJ i ) to write an alternative representation of the reduced matrix element J i σ ′ σ . In this notation, one finds that
where the two terms arise due to the Lorentz transformation dependence of both the Wigner rotation matrix and the state in Eq. (3). To compare this with Eq. (20) one needs to rewrite this in terms of the GPTs η σ (p). For this purpose one can apply Eq. (10), which gives
In this case the corresponding Wigner rotation has the form
Since W (β = 0) = 1, one can similarly apply Eq. (18) in order to simplify the second term in Eq. (22) . Applying the chain rule one finds that
where Λ is the Lie algebra representation associated with the four-vector representation Λ. Since
ijkpk and D is a linear map, one can write
Finally, combining Eqs. (22) and (25) one obtains
Comparing this representation with Eq. (20) it immediately follows that the form factors must satisfy the following constraints
which are identical to those derived in [24] for massive canonical states. By using the most general representation of on-shell relativistic spin states we have proven that A(0) and G(0) are completely independent of the characteristics of the states which define them. This result emphasises that the Poincaré transformation properties of the states alone are sufficient to constrain that: A(0) = G(0) = 1. Following the same logic as in [24] , this immediately implies that Ji's sum rule [5] is completely independent of the states used in the definition of the corresponding GPDs, and that the vanishing of the anomalous gravitomagnetic moment [29] is not only true for arbitrary spin, but is also a mass-independent condition. In other words, these results demonstrate that the implications for massive canonical states derived in [24] are actually a specific realisation of the fact that the GFF constraints are state universal.
In contrast to [24] , the constraints were derived without ever having to make reference to the explicit form of the transformation L(p). This circumvents the significant complications required in taking the derivative of L(p), as well as having to determine the angular momentum matrix element in different spin conventions, which in the massless Wick helicity case is known to be particularly complicated [22] . Following the same logic as in [24] it should be the case that these constraints can also be derived from the boost and the corresponding covariantised generators.
In the remainder of this section we will demonstrate that this is indeed the case.
Boost matrix element
Similarly to the angular momentum matrix element, in the boost case one can write
with the reduced matrix element given by [24] 
Analogously to the angular momentum case this can be rewritten as
This time one must instead use the transformation properties of the states under a pure boost along the i-direction (α = B i = e iξK i ) to write the reduced matrix element in an alternative representation. After applying Eq. (10) one finds that
The next step is to calculate the derivative of the Wigner rotation for B i , which gives
By using the relation Λ(K i )p j = −ip 0 δ ij together with Eq. (18) and the linearity of D, the reduced matrix element can finally be written in the form
Comparing Eqs. (32) and (35) one is then immediately led to identical constraints to those in Eqs. (27)- (29).
Pauli-Lubanski matrix element
Using the form factor decomposition one can show that the reduced matrix element for the Pauli-Lubanski operator W µ can be written in the general form
where
Since W µ depends on both the angular momentum and boost operators, one can use the state-independent relations in Eqs. (26) and (35) to derive a general representation for the matrix elements of W µ . For µ = 0 one finds that
where the first term vanishes due to the contraction with ǫ ijkpk . For µ = i one finds
Taken together, Eqs. (37) and (38) therefore imply the general representation
Comparing this with Eq. (36) one is then immediately led to the constraint
This calculation generalises the findings in [24] , proving that the covariantised operator W µ constraining only G(q 2 ) is not just a characteristic of massive canonical states, but in fact occurs regardless of the properties of the states.
Covariant boost matrix element
To complete the analysis in this section we consider the matrix elements of the covariant boost operator B µ , defined by
It follows from this definition that the temporal and spatial components of the reduced matrix elements have the form
After substituting in the form factor expressions for the reduced matrix elements in Eqs. (20) and (32) one finds that the coefficient of G(q 2 ) has the following general form
By definition, the covariant boost B µ is related to the reference frame boost B µ k ≡ (0, K i ) as follows:
The coefficient of G(q 2 ) therefore reduces to: η σ ′ (k) D(B µ (k)) η σ (k), which vanishes 5 , and hence the covariant boost matrix element only results in constraints on A(q 2 ), just as in the massive canonical case [24] . Taken together with the results for W µ , this proves that the diagonalisation of constraints observed in [24] actually holds independently of the properties of the states.
Conclusions
Although the constraints imposed on the gravitational form factors have been explored for massive canonical spin states of lower spin, and more recently for arbitrary spin [24] , it remained an open question as to whether these constraints depended on the choice of spin state definition, or if the states were massive or not. In this work we definitively answer this question, proving for the first time that the zero-momentum transfer constraint A(0) = G(0) = 1 of the leading two form factors is independent of both of these conditions, and arises purely due to the Poincaré covariance of the states. Besides the relevance for hadronic physics, the universality of this constraint could also potentially have important implications in the context of gravitational scattering.
